RM0-2019 EXAMINATION | CAREER POINT

Regional Mathematical Olympiad-2019

Time : 3 Hours October 20, 2019
Instructions :

* Calculators (in any form) and protractors are not allowed.
* Rulers and compasses are allowed.

* Answer all the questions.

* All question carry equal marks. Maximum marks : 102

* Answer to each questions should start on a new page. Clearly indicate the question number.

. 19 . .
1. Suppose x is a nonzero real number such that both x’ and 20x + — are rational numbers. Prove that x is a
X

rational number.

Sol. Given that x° & 20x + Q are rational
X

So,20x+£=teQ
X

=20x>+ 19 -tx=0
, ot 19

=>X-—x +— =0
20 20

Let the roots of eq"” are x;, X, € Q

t
thenx; +x,= —=a

20
19

and XX, = 2—0 =P

3X270LX+B=0, o, BeQ

= x*=(ax — B)

= X’ =x(ax — B)2 = x[a’x*+ Bzf 20x]

= x° =x[o’(ax — B)] + B*x — 2ap(ox — B)

= x’= o’[ox — B] - Bx + p*x — 2a’Px + 2ap’

= x’=a'x—o’B + 20p% + (B* - 2a’B - P)x

It is given that x’ is rational (let = y)

So, (o’ + B> = 20°B — B)x =—2ap* + o’Bt y
y+o’B—2ap?

X=——— 5 (Numerator & denominator are Rational)
o' +B" -20B-P

| x is alsoRational |

2. Let ABC be a triangle with circumcircle Q and let G be the centroid of triangle ABC. Extend AG, BG
and CG to meet the circle Q again in A;, B; and C;, respectively. Suppose Z/BAC = ZAB;C,,
ZABC = ZA,CB; and ZACB = £ZBA,C;. Prove that ABC and A;B;C, are equilateral triangles.
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Sol.
Al

/BAC=ZAB:C;=a

ZAAC = x(Assume)

LAIBICI = ZA]AC] = (By chord A]C])

LCIAB = LCIBIB = ZC]CB = LCIAIB =X (By chord BC])

ZA]AC = ZA]B]C = ZA]C]C = LAIBC =X (Chord A]C)

= ZAB||CC;:

Now : A; B G C is TRAPEZIUM

diagonal of Trapezium divide each other proportionality

PG = E {But, P is mid point of BC, Because AP is median
PA, PB
PG =PA, {So | PB=PC
. BP=PC
A;BGC is parallelogram : &BA, || CC,
GP=A,G
AG=A,G
Now similar < BG = GB,
CG =GC,

So G is circumcenter of AABC

3. Let a, b, ¢ be positive real numbers such that a + b + ¢ = 1. Prove that
a b N ¢ p 1
al+b’+¢? b2+t +ad Frad+b’ Sabc
a b C

Sol. + atb+c=1

a?+b>+c’ al+b?+cd ad+b’+¢? { J

-

a a a

la?+b® +¢? alz(al+b+c)+b3+c3 a’+b’ +c +a’b+a’c
a’+b’ +c +a’b+a’c
5

>@b*'ch"”? (AM>=GM)
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1 1
<
a’+b’ +c +a’b+a’c 5(a7b404)”5

a a 1
3 13,3 ,.,2 i S TN 2/5, 4/5_4/5
a’+b’+c +a‘b+a‘c  S5@"7b7c¢TT)  5(@77bVct’)

a IEIEENTEIRTE |
3 3, 3 2 2 < <
a +b’+c’+a‘b+ac abc 5
31 81/5
a a
. (@’bo)

a’+b*+c? +a’b+a’c S(abe)

at+a+a+b+c

(a3b)1/5 < 3a+b+c
a < 3a+b+c
a’+bP+c+a’b+a’c  25(abe)
Similar :
b < at 3b+c
a’+b’+c’ +ab’ +b%c ~ 25(abc)
¢ < at b+3c
a’ +b*+c? +ac? +bc?  25(abe)
a 5(a+b+c)
add : <
Za3 +b>+c* +a’b+a’c 25(abc)
< ! (asat+b+c=1)
Sabc
Hence Proved.
4. Consider the following 3 x 2 array formed by using the numbers 1, 2, 3, 4, 5, 6.
an ap 16
ay Ay |=[2 5
431 a3 3 4

Observe that all row sums are equal, but the sum of the squares is not the same for each row. Extend the
above array to a 3 X k array (a;)s« for a suitable k, adding more columns, using the numbers 7, 8, 9, ...., 3k
such that

K k k k k k
Zali = Zazl: 2331 and Z(allj)2 = Z(azj)2=2(a3j)2
~ ' i=1 =1 =1

an ap
Sol. Given | a,; a, | =
a
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Sol.

k k k
and Z(alj)z = Z(azj)z =Z(a3j)2
j=1 j=1 =t

S 14243444 43k —31‘(312‘“)
2+22+32+ L3k = (Bk)Bk +D(6k +1)
6
2+ (g + 5 — (a1 + (xi +4)7) =8 ()
i+ D+ (vt 47—y +2)7 + (y, +3)) =4 .. (ii)
{2+ (21 + 5} — (@ +2) + (21 +3)"} = 12 .. (iii)
Also8+4=12

=x” 4 (x + 5+ (v + D7+ (v + 47+ (2 +2) + (2 +3)
= (X1 + 17+ (X H 4 (1 +2) (1 +3) 20+ (z + 5)
X+ (x1+5) + (yi+ D+ (yi +4) + (21 +2) + (21 +3)
:2X1+2yl+221+15
=xtD+x+4d)+(yi+2)+Wit3)t(z1+z+5)

?+6%+82+112+152 +16° 1 6 8 11 15 16
= 122452492 410*+13*+182 = |2 5 9 10 13 18
32 +4% + 77 4122 +14% +172 3 4 7 12 14 17

is satisfying the desired condition
similarly we can find

1 6 8 11 18 13 21 23 25
2 5 7 12 15 17 19 22 27
3 49 10 14 16 20 24 26
which is satisfying all condition

Also observe
(x1 + 12+ (x1 + 6)% + (x1 + 8)* + (x; + 11)* + (x; + 15)* + (x + 16)°

= (x1+2)* + (x1 + 5)% + (x1 + 9)* + (x1 + 10)* + (x; + 13)* + (x; + 18)?
= (x1 + 32+ (x1 + 47+ (x1 + T+ (x1 + 12)2 + (x1 + 14)2 + (x; + 17)°

Hence we can always get a construction for k + 6 from a construction of k as we already got for k = 6 and

k=9, by induction it is true for all k such that, k> 3

In an acute angled triangle ABC, let H be the orthocenter, and let D, E, F be the feet of altitudes from A, B, C
to the opposite sides, respectively. Let L, M, N be midpoints of segments AH, EF, BC, respectively. Let X,
Y be feet of altitude from L, N on the line DF. Prove that XM is perpendicular to MY.
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BE 1 AC

CF L AB
= AFHE is cyclic quadrilateral also AH is diameter of this circle
Since L is the mid point of AH.
EF is chord of circle we have LM L EF (as M is mid point of EF)
Similarly we have BCEEF is also cyclic and N is mid point of diameter of BC
Since EF is radical axis of both circle of AFHE and BCEF and L, N are centres of the circle so LN L EF
= L, M, N are collinear
Now LMFX, MFYN are cyclic
ZMLF = ZMYF = x (let)
ZMNF = ZMYF =y (let)
ZXMY = ZLFN =90° as x +y=90°
= Z LFN is angle in the semicircle of nine point circle with LN as diameter XM L MY

6. Suppose 91 distinct positive integers greater than 1 are given such that there are at least 456 pairs among
them which are relatively prime. Show that one can find four integers a, b, ¢, d among them such that
ged (a, b) = ged (b, ¢) =ged (c, d) = ged(d, a) = 1

Sol. LetS={a;|1<2;<91,a € N}
Maximum possible distinct pairs (a, a;) such that a;, a; € S is ’Ic,
Let a; has n; coprime numbers in S.
So a; can form n; pairs

91
Total numbers of such coprime pairs = %Zni
i=1

| &
Let — ) n.=x ... (1
22 (1)

Now number of unordered pairs coprime with a; = ™C,
Similarly, number of unordered pairs coprime with a, = "C,

91
So total number of such pairs is Z—ni(nzi -1

i=1

These all pairs must be distinct in ordered to have 4 cyclic pairs as desired

< n;(n; —1) _o
So ZTS C,
i=1

91 2
Zn? —x<°C, ...(2) [Using (1)]
i=1
2
n? Zni
Now since 9—11 > [ o1 ] ; (By weighted means concept)
i-1
So 3005 2%Y 1 3
4> — Usi
ogz {91] [Using (1] (3)
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So from (2) & (3)
2
EZl‘l-sz.‘”czﬂx
91

2

X 90 %91 +2x

91
16x* <360 x 917 + 8 x 91x
(4x —91)* <917 x 361
4x-91<91x 19
4x <91 % 20

91x20
X:
4

Since total number of required is 455 while 456 or more such pairs are given in question
Hence 4 integers a, b, ¢, d can be formed such that gcd (a, b) = ged (b, ¢) = gcd (¢, d) = ged (d, a) = 1.
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